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The formulas for the Raman intensities of fundamental and n-th overtones were investigated theoretically,
starting from the Kramers-Heisenberg dispersion formula and referring to a diatomic molecule in a harmonic

potential approximation.

The derived formulas were then applied to fifteen overtone bands of iodine, which

have been observed in gas, and to the exciting frequency dependence of the fundamental and the first overtone

intensities of iodine in a CHCI; solution.
the observed data well.

With the advent of various laser light sources, the
resonance Raman effect has come to be investigated
extensively in recent years. It has been observed
that higher overtones appear in a spectrum with con-
siderable intensities as the exciting light frequency
approaches an electronic absorption band. For ex-
ample, the fifteen overtones of iodine have been obtained
in gas using the argon ion laser at 4880 A by Holzer
et al.V A

The origin of the resonance Raman effect has been
investigated theoretically by several authors. Peticolas
et al.%® have derived the formula of the n-th overtone
Raman intensity using the technique of the time-
ordered diagram and have then applied this equation
to the experimental data on iodine in gas. The quan-
titative agreement with the observed data has been poor
for higher overtones. Verlan® has investigated the for-
mula of the resonance Raman intensity based on the
generalized perturbation theory of Heitler,” and has
formulated a rather complicated expression.

We obtained a simple expression of the Raman in-
tensity starting from the Kramers-Heisenberg disper-
sion equation and using the idea of the effective transi-
tion frequency.®) The vibrational frequency difference
between the ground and the excited electronic states
was taken into account. The formulas were then
applied to the observed data on iodine; reasonable
results were obtained.

Method

The intensity of the Raman scattering associated
with the m—n vibrational transition in the electronic
ground state, |g), is given,” after averaging the over-
all orientation of the molecule, by:

Ipp = (27755/(32‘4))10(”0""”7",7&)4 PX:' (“p v)zmn (l)

where v, and I, are the frequency and the intensity
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It was shown that the formulas quantitatively explain the trend of

of the incident light. The p,0 (=X, y, z) component
of the scattering associated with the transition is ex-
pressed by:

(@) mn = (1/R) ezu(Mp)ev,gn(Ma)gm.eu/(”ev.gn_7’0+i?e)

+ (Mp)gm,ev(Mu)eu.gn/(”au.gn + v + iye) (2)

in accordance with the Kramers-Heisenberg dispersion
theory. Verlan has shown that Eq. (2) is applicable
in the case of the resonance Raman effect. The sum-
mation is taken over all the electronic excited states,
le), and the vibrational states, |v), accompanying
them. The y is the damping constant of the elec-
tronic state |e).%?

The vibronic transition moment, (M,),, ., can be
expanded in the nuclear coordinate, Q, of a diatomic
molecule assuming adiabatic approximation by:

(Mp)ev.gn = (Mp)geSev|gny + (M,)ge{er|Q|gn) )
where (M,),,° is the component of the pure electronic
transition moment at the equilibrium configuration
in the |g) state. (M,), " is the derivative of the
electronic transition moment with respect to the nu-
clear coordinate, Q, (M,), ' ={0(M,),,/0Q},. The
evlgny and <ev|Qlgny give integrals in the
nuclear coordinate between the vibrational-state func-
tions of |e) and |g) states.

Following Albrecht,?s®) Eq. (2) is given by the re-
presentation:

(“pa)mn = Amn + Bpn, + B;nn (4')

Ann = (1/k) 33 (M) goM.)goCgm|ev)<er|gn)

X{(”eu,gm_”n+i)’e)_1 + (”eu,gn‘l"’o‘l‘i}’e)—l}
Bpn = (1/R) Eu (”ev.gm—"’o'l‘iYe)_l

X{(M,)ge(M,)ge{gm|Q |ev){ev|gn)
+ (M) ge (M) go{gm|ev){en|Q |gn)}
Bn, = (1/h) BEu(Vev.gn+vo+i7e)—l

X{(M,)¢e(M,)ge{gm|ev)<en| Q|gn)

+ (Mp)go(M,)goCam|Q|cv){ev|gnd} (4c)
The 4,,, term, which does not depend on the vibronic
interaction, (M,)ge, contributes to the Raman intensity

(4a)

(4b)

7) J. Tang and A. C. Albrecht, “Raman Spectroscopy,” Vol.
2, ed. by H. A. Szymanski, Plenum Press, New York (1970),
Chapt. 2.

8) J. Behringer, Z. Elekirochem., 62, 906 (1958).

9) A. C. Albrecht, J. Chem. Phys., 34, 1476 (1961).



December, 1973]

only when the electronic ground and excited states have
the potential curves displaced or distorted in relation
to each other.! The Bn, and B, terms depend
on the vibronic interaction, (M,)g., and have been
extensively investigated by Albrecht in the case of the
ordinary Raman effect. For practical use, we must
further simplify these expressions of the scattering tensor.

Amn  Term. First, let us investigate the 4,,
term. For the sake of simplicity, we will consider the
vibration of a diatomic molecule assuming a harmonic
oscillator.  The vibrational ground state, |g0), is
taken as the initial state, [gm). Then, the fre-
quency corresponding to the vibronic transitions con-
cerned may be expressed as:

Ven,g0 = Veo.go T We (5)

where v,z is the 0-0 transition frequency between
|g> and |e) electronic states, and where v, is the
vibrational frequency in the |e) state. The sub-
stitution of the above expression into Eq. (4a) leads to:

Aon= 2 A{(M,) g0 (M) o/ ()} 33 g0] ev)<ev] gn

X{(c;+2)" 1+ (ca+o)} 1 (6)
where:
€1 = (Vansgo— Yo+ 1%e) [Ve

. 6a
C2 = (Veg.gn+v0+1Ve) Ve (62)

It is generally difficult to carry out the summation
over v because the |e) state gives a different equili-
brium internuclear distance, 7,°, and different funda-
mental vibrational frequency, »,, from the correspond-
ing quantities in the ground state, 7,° and »,. There-
fore we will first consider a somewhat specialized case
where »,=v, but where r%=r,".

Now using the expression of the Franck-Condon
overlap integrals given by Hutchinson,:1? we obtain
for v,=v,:

gm|ev) = exp(—03/4)/V (mlv!);(2m*+7) 67
X 33 (= )m=r2kog =)/ (k (m—k) Lo —R)!) (7)

and, consequently:
<0 ev){ev|gn)(c+v) = V/n![2"(—d,)"exp(—53/2)

X3 (~DH(R@a—R) 2 012" M+ o=hY) @

where:
0o = ote(rg—13) 9)

oo = 4n2uve/h; u; reduced mass (9a)

The dimensionless quantity, J,, is the difference in
the equilibrium internuclear distance between the
lg> and |e) states in the unit of the classical vi-
brational amplitude, 1/«,, of the vibrational ground
state.

The summation over v on the right-hand side of
Eq. (8) can be approximately written as:

2 (82/2)°*[((c+0) (v—k)!) = exp(63/2)/(c+0%/2+k) (10)
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It can easily be seen that the above relation applies
fairly well for ¢=1 for all values of §, and when §,<1
for a wide range of ¢.

Then, using the formula:

é‘,('l)k”!/((ﬂrk) (n—R)!k!) = nlf{c(c+ 1) (c+m)}

Equation 8 can be written as:

3 ¢g0lew)er| g (e +2)

=/ 2R (=0 P {eH(e* + 1)reens 6% 4 1)}
where, according to Eq. (10):

(12)

c* =¢ + 62/2. (12a)
Thus, we have:
Ay = (1/)QH eZ (Mp)ge(M,)ge(—0eve)™
X{ ﬁ (Veg_”o'*'i}’e’i'ﬁve)_l
p=0
1l (gt votiy+pr) 1} (13)
p=
where:
Q. =<g0|Qr"|gny = Valj2" (13a)
Q = ag(r—1§) (14)

Ve is the effective transition frequency from |[g) to
le> and may be represented approximately, ac-
cording to Eq. (12a), by:

(15)

which equals the vertical transition frequency from
the |g) to the |e) state. Equation (15) indicates
that the maximum Raman scattering would occur at
the position of the absorption maximum. However,
this statement should be modified slightly when applied
to the real system, because we neglected the effect
of the anharmonicity of the potential curves and the
effect of the other virtual states. Therefore, there may
occur the case in which the position of the maximum
Raman scattering differs to some extent from that
of the absorption maximum.

Next, let us deal with another specialized case where
r,'=r.° but where »,%»,. The Franck-Condon overlap
integrals in Eq. (4a) are calculated by a method similar
to that used before. Then, the scattering tensor may
be represented as:

dy,on = (1/B) Qan ? (Mp)ge(M,)ge(—vedo)™

1’eg : Veo.gﬂ + ”662/2

X { Ho(”eg_”o‘l‘iYe +pr,)t
p=

+ ﬁo(veg F v+ i7e + pre)1} (16)
p=

where
Ao = (o—7g)[(ve+7g) (17)
retaining only the term which has the lowest order of
4,13
The general case of r%%r.° and »,=», may be



3638

treated by introducing explicitly », and », into Eq.
(12), in which y,=», has been assumed, and by then
combining this with Eq. (16). This leads to the follow-
ing expression of 4, ,:

Agn = <g0| A-+ A4 |gn) (18)
where:
Ax = (1/h) %‘. {(M,) 86 (M;) o] WegFro+iye)
X (1+ Ve(SeQ./O’egi”o +iyey)~?
X (14vedeQ2/{vegTFro+ive)) ~* (18a)

The bracket notation is used for the sake of simplicity.
It indicates that, in expanding the above equation,

q
(Vg FVotiy,y? must be replaced by ﬁ[j[l (VogF¥ot

#y,+pv.). The contribution of Eq. (16) to the scat-
tering tensor must be considerably smaller than that
of Eq. (12), because usually 4,<1.

Supposing the A4 term is dominant in Eq. (4), and
neglecting the contribution of Eq. (16), the intensity
of the n-th overtone, I;,, is expressed as:

Ly, = K(vo—mvg)'n!(v§0¢/2)"

n
Xp%{(vo—vegﬁ-lwe)z-i-?é}_l (19)
when », approaches 7.

Equation (19) has a form similar to Eq. (2) of Pe-
ticolas et al,2 apart from the hot-band summation,
which is neglected in our treatment. The main dif-
ferences between our Eq. (19) and Eq. (2) of Peticolas
et al. are, in the energy denominator, the presence of
the effective transition frequency, v,,, and the vibra-
tional frequency, #,, of the electronic excited state,
instead of the 0-0 transition frequency and the vi-
brational frequency, »,, of the electronic ground state.
In order to take into account of the effect of »,%v,
on the Raman intensity by means of the formulation
of Peticolas et al. it is necessary to carry out a higher-
order perturbation expansion. The physical meaning
of the appearance of », instead of », is apparent, be-
cause the resonance should occur at the incident
light frequency, v»y=v.,+pv,. When the vibrational
frequencies, », and »,, are quite different as in the case
of iodine and bromine, the presence of v, instead of
g has a significant effect upon the resonance Raman
intensity. The necessity of introducing the effective
transition frequency, 7., has clearly been shown ex-
perimentally by Yu and Shen using a tunable dye
laser.’®  They have shown that the resonance
Raman scattering cross-section of InSb as a function
of the incident-light frequency has a maximum at an
appreciably higher position than that of the reflectivity
spectra. .

The B,,, and B,,," Vibronic Terms. In order to
estimate the contribution of the By, and B, vibronic
terms of Egs. (4b) and (4c), it is necessary to carry out
the following types of summation:

21<g0] ev){ev|Q|gny/(c+v) and

334801 QJev){ev]gm/(c+2) (20)
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Using the relations applicable to a harmonic oscillator;
2Q|gny =V nlgn—1) + Vnt1)|gn+1)
Q[g0) = [g, 1)

we can transform the above summation into the fol-
lowing form:

%‘. g0ev)ev|g, nt1)/(c+v)

31 gl ev)en|gm)/(c+0)

(21a)

(21b)

Eq. (21a) is the same type of summation as appears in
the calculation of the A-term (Eq. (8)); Eq. (21b) is
generally difficult to estimate. When there is an
ordinary Raman effect, |c|>0, however, this summa-
tion may be written as:

%‘. (gl]ev){ev|gm)/(c+v) =

Val/27-1 (—69)"‘1H1(c+[))"1 (22)
p=

We assume that this equation holds approximately in

the case of the resonance and preresonance Raman

effect if we replace the ¢ of Eq. (22) with the ¢* of

Eq. (11a), i.., if we introduce the effective transition

frequency, 7., and the damping constant, y,. Thus,
the vibronic terms may be represented as:
By, = (I/h)Q.’neZ (_veée)n_l
X{(Mp)ge(M,)go+ (My)ge(Ms)go}
n—1
X Hl{(vo_”eg’i'i?e) +pre}t (23)
p=
By, = (l/h)QnEQJ (—vebe)™ 1
X A{(M,)ge(M,)ge+ (Mp)ge (M) go}
X T {07+ veg i) + v} (24)
p=

Equations (23) and (24) indicate that, for the ap-
pearance of overtones by the vibronic mechanism, it
is necessary, along with M_ %0, that a molecule has
a different geometry in the excited state from that
of ground state, as in the A-term (Eq. 13).

As a summary of the above discussions of the 4-term
and the vibronic terms, the scattering tensor may be
represented, using the same bracket notation as in

Eq. (18b), by:
(#po)on = 80| S-+S+gn>
S:F = (I/h) ? {(MP(Q))ge(Ma(Q))ge/(”egx""‘i'iye)}

X (14+9606Q [{vegF o +17ep) ™1

X (14 2e46Q2/[{veg Fro+iyey) ~1
where (M o(Q))go=(Mo)ge"+ (M) e QA
It may easily be seen that, under the appropriate
conditions of the pre-resonant case, Eq. (25) gives the
Shorygins semiclassical equation for the fundamental
n=1,% using the relation:

Vog = (0r6g/0Q )0 = ve0e

13) P. Y. Yu and Y. R. Shen, Phys. Rev. Lett., 29, 468 (1972).

(25)

(26)
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Comparison with Experiments

Holzer et al. observed the resonance Raman effect
of iodine in a gas state up to the 15-th overtone using
4880 A line of the argon ion laser as the exciting light.1:%)
Peticolas et al. have carried out a quantitative cal-
culation of the relative intensities of these overtones
with respect to the fundamental. The agreement
with the observed data has been poor for the higher
overtones.

Although several authors have emphasized the role
of the continuous upper electronic state in the reso-
nance Raman effect, we assume tentatively that the
equations derived above are applicable to the case of
the resonance Raman effect of iodine.14-16)

Supposing that the contributions of the vibronic
terms and Eq. (17) are negligible in the resonance
Raman region, we re-calculated the relative intensities
of the overtones of iodine with respect to the funda-
mental intensity: R,=I,,/l,;- R, is represented,
following Eq. (19), by:

R, = (no—mg)*/(v—g)" (v395/2) " n!

n

n
X 1 {(rag—t0°+pr0)2+ 72}~ (28)
p:
The §,, v, and p, values were determined so as to
fit with the observed R, i.e., so as to minimize >3|R3"
n

—R|, (n=2,3,-"- ,15). The v, and », values were
taken to be 215cm! and 128 cm! respectively.1?)
The results are shown in Table 1, along with the ex-
perimental data (Calc. 1 and Calc. 2). Although the
results differ to some extent depending on the initial
choice of the values of 4,, »,, and y,, in any event
the agreement between the calculated and the observed
relative intensities are fairly good through the 15
overtones. The wvalue, |[r,0—7,°=0.368~0.408 A,
calculated from ¢, using Eq. (9) coincides reasonably
well with the observed value, 0.346 A (Table 2). As
to the effective transition frequency, a value of v, =
20890~21200 cm—! is obtained. This value is near
to the frequency of the absorption maximum of iodine
in gas (~20000 cm—!). The v, value calculated from
Eq. (5), 17800~18200 cm—1, is a little smaller than
these. This difference probably arises from the neg-
lect of the effect of anharmonicity and from the ef-
fect of the other virtual states in Eq. (5). It should
be noted that the calculated value of the damping
constant, y =200~600 cm—1, corresponds to the rate
of the vibrational relaxation and the internal conver-
sion, and is considerably larger than those of the fluores-
cence and the phosphorescence.’® The -calculations
show that the introduction of the effective transition
frequency, 7., and the vibrational frequency, 7, of

14) J. Behringer, Z. Physik., 229, 209 (1969).

15) M. Jacon, M. Berjot, and L. Bernard, C. R. Acad. Sci.,
Paris, Ser. B, 273, 595 (1971).

16) M. Berjot, M. Jacon, and L. Bernard, Opt. Commun., 4,
246 (1971).

17) G. Herzberg, “Molecular Spectra and Molecular Structure,
I. Spectra of Diatomic Molecules,” 2nd Ed.Van Nostrand, Prince-
ton, N. J. (1950).

18) O. S. Mortensen, J. Mol. Spectry., 39, 48 (1971).
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TaBLE 1. INTENSITIES OF OVERTONES OF IODINE
IN GAS RELATIVE TO THE FUNDAMENTAL
Observed?:2 Caled 1 Calcd 2 Caled 3
R, 0.71 0.672 0.675 0.708
Ry 0.55 0.531 0.550 0.538
R, 0.45 0.450 0.486 0.450
R, 0.36(+0.02) 0.391 0.442 0.388
R 0.25(=+0.02) 0.340 0.402 0.339
R, 0.22(+0.02) 0.293 0.359 0.296
Ry 0.22(+0.02) 0.248 0.312 0.257
Ry 0.194(+0.02) 0.204 0.263 0.219
Ry 0.194(=+-0.02) 0.163 0.213 0.183
Ry 0.167(+0.02) 0.127 0.167 0.151
Ry, 0.139(+0.02) 0.096 0.126 0.121
Ry 0.111(=0.02) 0.070 0.091 0.096
Ry, 0.084(=+0.02) 0.050 0.063 0.074
Ry 0.084(+0.02) 0.034 0.042 0.056
Je —6.34 —5.71 —6.37
Veg—%p (cm—1) 691 397 737
Yo (cmm—1) 206 578 212
|re =73 (A) ~0.408  —0.368  —0.410
A 0 0 —0.36

the electronic excited state in the energy denominator
is important in obtaining agreement with the observed
R,.

To see the effect of 4,, we have calculated R, on
the basis of Eq. (18), considering 4, to be an adjustable
parameter along with 4,, », and y,. The results
are shown in Table 1 (Calc. 3). As may be seen from
Table 1, the introduction of 4, improves the agreement
between the calculated and the observed relative
intensities to some extent, but not very much.
The calculated value of 4,=—0.36 is reasonable com-
pared with the observed value, —0.254 (Table 2).

Strictly speaking, the equations derived above are
applicable only to an isolated molecule. It is interest-
ing, however, to apply these equations to a molecule
in solution and to compare the results with that of
gas obtained above. The intensity variation in the
fundamental and the first overtone of iodine as a func-
tion of the exciting light frequency have been obtained
by Mortensen in a chloroform solution.18)

The relative intensities of the fundamental and the
first overtone at the exciting light frequency, v, re-
lative to that of vy, R,(v,»,) and R,(v,»,), are given,
following Eq. (19), by:

Ry (v, v5) = {(v—2g)* (vs—75)"}

1
><pI=Io{("’eg —vo+pve)2+ i}

/pH {(rog—vt-pr® + 72 (20)
Ry(», Vo) = {(v—2vg)4/ (”0_2”5)4}

X {(reg—ro 7"+ 72}

[ 1 (Gt (30)
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TABLE 2. MOLECULAR CONSTANTS OF IODINE?)

D, (eV) . (A) v (cm—1) VeXo (cm~—1) r¢—rd O™ AP
|2 1.54 2.67 215 0.6127 _ _ _
it 0.54 3.016 128 0.834 0.346 5.432 0.254

a) Calculated by Eq. (9). b) Calculated by Eq. (17).

TaBLE 3. THE EXCITING LIGHT FREQUENCY DEPENDENCE
OF RAMAN INTENSITY OF IODINE IN CHCI; soLn®

R, (v,7) R, (v,v,) R, (v)
—_————— —_—— —_——————
Obsd. Calecd. Obsd. Caled. Obsd. Caled.

5145A 1.00 1.00 1.00 1.00 0.70 0.74
5017A 0.91 0.94 0.97 0.91 0.75 0.68
4965 A 0.74 0.81
4880A 0.77 0.72 0.60 0.60 0.56 0.59
4765A 0.52 0.55 0.37 0.3 0.50 0.51
Vg 19220 cm-1 19240 18600
Yo 2160 cm—1 2140 2990
[rg—7g| 0.329 A

a) The observed data are taken from Ref. 18.

Applying these equations to the observed data, we
can estimate y, and »,, so as to fit the observed data.
The results are shown in Table 3. The agreement
between the calculated and the observed values is fairly
good. Furthermore, the values of y,=2160 cm~! and
Vog=19220 cm~! obtained from R,(»,»;) coincide well
with those of y,=2140 cm™! and »,,=19240 cm~! ob-
tained from R,(»,»;). We have also determined v,
Y, and §, from the exciting-light-frequency dependence
of the first overtone with respect to the fundamental
intensity, using the R,(») of Eq. (28).

In the above calculations, we have neglected the
effect of the hot-band summation. This effect is
important in the higher overtones. The values of
7, and §, derived from the R, value of iodine gas would
be increased and decreased respectively to some ex-
tent by taking into account the effect of the hot-band
summation. This point will be investigated in a sub-

sequent paper.

Finally, then, we can estimate y,=2000—3000 cm—!
for iodine in a chloroform solution. This value is
quite large compared with that of y,=200—600 cm—? of
iodine in gas. This indicates that the damping con-
stant is sensitively influenced by molecular interactions.
The trend y,(soln) >y, (gas) seems reasonable because, in
a solution, the molecular interactions are larger in
gas, therefore, the excited state of a molecule usually
has a smaller life-time.1®

As a summary of the above discussions, we can say
that the trend of the observed Raman intensities of
iodine is explained well quantitatively by Eq. (19)
in the resonance region. This would indicate that 4-
term of Eq. (4a) i.e., the effect of the deformation of
the molecular geometry and the vibrational frequency
change in the excited state compared with that of the
ground state, is a dominant factor in determining the
resonance Raman intensities of iodine. Therefore,
an analysis of the resonance Raman effect offers a
means of estimating the molecular geometry and vibra-
tional frequencies in the electronic excited state. The
idea of the effective transition frequency and the intro-
duction of the vibrational frequency, »,, of the elec-
tronic excited state in the energy denominator is ne-
cessary to obtain the simpler expressions and also to
obtain an agreement with the observed data.

The author wishes to express his thanks to Professor
Shiro Maeda of this Institute for his kind advice and
discussions.

19) R. S. Becker, “Theory and Interpretation of Fluorescence
and Phosphorescence,” John Wiley & Sons, Inc.,, New York
(1969).






